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Abstract 

Past studies of the Brauer group of a scheme tehs us the importance of the 
interrelationship among Brauer groups of its finite etale coverings. In this paper, we 
consider these groups simultaneously, and construct an integrated object "Brauer- 
Mackey functor". 

We realize this as a cohomological Mackey functor on the Galois category of 
finite etale coverings. For any finite etale covering of schemes, we can associate two 
homomorphisms for Brauer groups, namely the pull-back and the norm map. These 
homomorphisms make Brauer groups into a bivariant functor (= Mackey functor) 
on the Galois category. 

As a corollary, Restricting to a finite Galois covering of schemes, we obtain a 
cohomological Mackey functor on its Galois group. This is a generalization of the 
result for rings by Ford [5]. Moreover, applying Bley and Boltje's theorem [1], we 
can derive certain isomorphisms for the Brauer groups of intermediate coverings. 
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1 Introduction 



In this paper, any scheme X is assumed to be Noetherian. 7r(X) denotes 
its etale fundamental group. Any morphism is locally of finite type, unless 
otherwise specified. As in [10], Xet denotes the small etale site, consisting of 
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etale morphisms of finite type over X. 11 U — {Ui — ^ is a covering in 

this site, we write asU E CoVet(-'^). U means is a refinement of V. 

As for the finite etale covering, the etale fundamental group and the Galois 
category, we follow the terminology in [11]. For example a finite etale covering 
is just a finite etale morphism of schemes. 

Our aim is to make the following generalization of the result by Ford [5] , which 
was shown for rings. 

Corollary (Corollary 7.2) Let n : Y ^ X be a finite Galois covering of 
schemes with Galois group G. Assume X satisfies Assumption 5.1. Then the 
correspondence 

H <G^ Br{Y/H) 

forms a cohomological Mackey functor on G. Here, H < G means H is a 
subgroup ofG. 

This follows from our main theorem: 

Theorem (Theorem 6.6) Let S be a connected scheme satisfying Assump- 
tion 5.1. Let (FEt/jS") denote the category of finite etale coverings over S. 
Then, the Brauer group functor Br forms a cohomological Mackey functor on 
(FEt/5). 

As in Definition 6.1, a Mackey functor is a bivariant pair of functors Br ~ 
(Br*,Br^,). For any morphism tt : F — > X, the contravariant part Br*(7r) : 
Br(X) Br(y) is the pull-back, and the covariant part Br*(7r) : Br(y) 
Br(X) is the norm map defined later. 

By applying Blcy and Boltje's theorem (Fact 8.2) to Corollary 7.2, we can 
obtain certain relations between Brauer groups of intermediate coverings: 

Corollary (Corollary 8.3) Let X be a connected scheme satisfying As- 
sumption 5.1, and IT :Y^Xbe a finite Galois covering with Gal{Y/X) — G. 
(i) Let i be a prime number. If H < G is not i-hypoelementary, then there is 
a natural isomorphism of Z^-modules 

Br(y/C/)(£)l^l ^ Br(y/t/)(£)l^l. 

U=Ho<-<H„=H U=Ho<-<Hn=H 



(ii) If H < G is not hypoelementary, then there is a natural isomorphism of 
abelian groups 

Br(r/[/)l^l ^ Br(F/t/)l^l. 

U=Ho<-<H„=H U=Ho<-<H„=H 

71'. odd nieven 
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Here, \U\ denotes the order ofU. 



2 Preliminciries 



To fix the notation, we recall several facts in this section. If C is a category 
and X is an object in C, we abbreviately write as X e C. li f : X ^ Y is a, 
morphism in C, we write as / e C{X, Y) or f e Morc(X, Y). 

Monoidal categories, monoidal functors and monoidal transformations are al- 
ways assumed to be symmetric. 

For a scheme X, q-Coh(X) denotes the category of quasi-coherent modules 
over Ox- 



2.1 Fpqc descent 



Definition 2.1 Let X' ^ X be an fpqc morphism of schemes. Put X^"^^ 
X' Xx X', X' Xx X' Xx X' and let 

pr.x^'^^x' (i = i,2) 

p,,- : X(^) ^ (i,je {1,2,3}) 

be the projections. Define a category q-Coh(X' — >• X) as follows : 

- an object in q-Coh(X' — > X) is a pair {T, </?) of a sheaf e q-Coh(X') and 
an isomorphism cp : p*^ p^T in q-Coh(X*^^)). 

- a morphism from [T ^ ip) to (^, is a morphism a G q-Coh(X')(.F, Q), such 
that 

p\a o (f) — o p\a. 

For any (^, </?) and {Q, ip) e q-Coh(X' — > X), let (fi<^ip be the abbreviation of 

pI{t (8) g)^plT ® pIG'^pIt ® pIQ^pUt (g) g). 

Then, q-Coh(X' — > X) has a canonical symmetric monoidal structure defined 
by 

{T, ip) {g, ■.= {T ® g,(p(^ij). 
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Remark 2.2 Let f : X' ^ X be an fpqc morphism of schemes. The pull-back 
functor by f 

f* : q-Coh(X) ^ q-Coh(X') 
factors through q-Coh(X' — > X) : 

q-Coh(X' ^ X) 

q-Coh(X) ^q-Coh(X') 

/* 

where U is the forgetful functor. By the fpqc descent, f* is an equivalence. 
In fact, U is a monoidal functor, and f* is a monoidal equivalence. 

2.2 Contravariant nature of the Brauer group 

Remark 2.3 Let n : Y ^ X be a finite etale covering. For any abelian sheaf 
Q on o-nd any positive integer q, the following composition of the canonical 
morphisms is an isomorphism : 

c : H^,,{X, TT^g) ^ H',,{Y, 7r*7r,6?) ^ H^AY, 0) 

Remcirk 2.4 For any scheme X , there exists a natural monomorphism 

XX ■ Br(X) ^ Br'(X) := Hl{X,^^m,x)u.r , 

such that for any morphism tt :Y ^ X , 

Br{X) ^ ^Br(F) 



XX O 



XY 



Hi{X,G^,x)^Hi{Y,G^,y) 
is a commutative diagram. 

Here tt* : Br(X) Br(F) is the pull-back of Azumaya algebras, while tt* : 
Hi{X,Grn,x) Hi{Y,GmY) IS defined as the composition of the canonical 
morphism c : i/^ (X, 7r,G„,y) ^ i/^ (r,G„,y) and HUn^) : iJ^ (X,G„,x) ^ 
Hi{X,TT^Grn,Y), where ti^ : Gm,x TT*Gm,Y is the canonical (structure) ho- 
momorphism of etale sheaves on X. 
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3 Norm functor 



In this section, we construct a monoidal functor 

K ■■ q-Coh(r) ^ q-Coh(X) 
which we call the norm functor, for any finite etale covering tt : y — > X. 

3.1 Trivial case 

Definition 3.1 Let X he a scheme, and let 

V = Vx,d ■■ u Xk^x {Xk^x {i<yk< d)) 

l<k<d 

be the folding map. We define the norm functor 

AAv:q-Coh( U Xk)^q-Coh{X) 

l<k<d 

by 

Msj{G) := G \x, ®Ox--- ®Ox \x, 
for any Q e q-Coh( ]\ X^), and similarly for morphisms. 

l<k<d 

Remcirk 3.2 jVy is a monoidal functor. 

Remark 3.3 For any automorphism r : U — ^ U X^ compatible 

l<k<d l<k<d 

with V; there is a natural monoidal isomorphism 
PROOF. Left to the reader. 

Definition 3.4 Let tt :Y ^ X be a finite Stale covering. Assume there exists 
an isomorphism 

l<k<d 

compatible with tt and Vx,d- We define the norm functor Af.,^ by 

Mr := Afv o rj*- 

Remcirk 3.5 By Remark 3.3, A/^ does not depend on the choice of trivializa- 
tion Tj. 
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Remark 3.6 Let tt : Y ^ X be a finite etale covering with a trivialization 
V ■ U Y , as in Definition 3.4- Let f : X' ^ X be any morphism 

l<k<d 

and take the pull-back : 




(3.1) 



Then by pulling rj back by f , we obtain an isomorphism 

vi: u K^y. (x'.^x' (i<yk<d)) 

l<k<d 

compatible with tt' and Vx',d : 




( all faces are commutative ) 

Proposition 3.7 Let tt : Y ^ X be a finite Stale covering with a trivializa- 
tion. 

(i) For any morphism f : X' ^ X , if we take the pull-back as in (3.1), then 
there exists a natural monoidal isomorphism 

ei:f*oM^^K,og\ 



Moreover, 9 is natural in f : 

(ii) For any other morphism f : X" —>■ X', if we take the pull-back 




then we have 



(3.2) 
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q/o/' 



PROOF, (i) This follows from Remark 3.6, since we have 

= ((u/)*77*^?) ix( • • • mfrv*G) \x'^ 

= {r]'*{9*Q)) U( ■ • ■ ®o,, {r]'\g*Q)) \x'^ 
for any Q e q-Coh(y), in the notation of Remark 3.6 



(ii) This follows from the trivial case 



l<A;<d 



l<k<d 



X"- 



^X' 



□ 



. U Xk 

l<k<d 



X 



{g = Uf, g' = Uf ), 

d d 

where, (3.2) immediately follows from the commutativity of the following di- 
agrams for any e q-Coh(y) : 



{fof'n (8) j^u). 

l<k<d 



f'*{f*{ ^ UJ) 

l<fc<ci 



. (8) ((/o/')*(^k)) 

l<fc<d 



(r(r(^uj)) 

l<fe<d 



r( (r(-^uj)) 

l<fe<d 



(/°/')*(-^UJ 



r(r(-^uj) 



■{{gogT^F) k 



f'*{{9*^) UJ 
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3.2 Constant degree case 



RemEirk 3.8 Let n : Y ^ X be a finite etale covering of constant degree d. 
There exists an fpqc morphism f : X' ^ X such that the pull-back of tt by f 
becomes trivial : 

Y' ^-^Y 




f can be also taken as a surjective etale morphism. 
Proposition 3.9 In the notation of Remark 3.8, 

N^, o g* : q-Coh(r) ^ q-Coh(X') 

factors through q-Coh(X' ^ X) q-Coh(X') in Remark 2.2. 



PROOF. For the convenience, we abbreviate two functors 

g* : q-Coh(y) ^ q-Coh(y') 
Xr/ o g* : q-Coh(y) ^ q-Coh(X') 



respectively to 



: q-Coh(F) ^ q-Coh(y") 
: q-Coh(r) ^ q-Coh(X') 



These are monoidal. Put 



:= X' xx X', ._ Y' xy y, 

:= X' Xx X' Xx X\ := Y' Xy Y' Xy F', 
and denote the projections by 

(^ = 1,2), 

p,, : X(3) ^ X(2), g,, : F^^) ^ y(2) (l < , < < 3), 

= 1,2,3). 

Pulling TT back by these projections, we obtain finite etale coverings: 

7r(2) : y(2) ^ ^^^^ 
7^(3) : y{3) ^ x(^) 
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y(3)^^y{2). 



t(3) 



□ 



7r(2) □ tt' 



□ 



(l<i<J <3,£=1,2) 
Remark that each of tt*^^^ and tt*^^^ has a triviahzation. 
It suffices to show the following: 

Claim 3.10 For each T G q-Coh(y), there is a canonical isomorphism 

(t>r ■ ^ P*2^ 
such that for any morphism a e q-Coh(y)(^, Q), 

p\a o(j)j. ^ (j)go p\a 

is satisfied. 



PROOF, (proof of Claim 3.10) Since T — g*T, there is a canonical isomor- 
phism '^j: : q{T such that 



(3.3) 



Define 0jf : p\J^ p^J^ by 

0^: = (C?)-'oAC(.)(^^)oC' 



By (3.2) and the naturality of 6, we have a commutative diagram 



-7^ Pii'P^ 



-p';t 



for each 1 < i < j < 3. Thus p*Yi4>T — P^if^r °V*v2'^t follows from (3.3). 
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Remcirk 3.11 For any T,Q & q-Coh(y), we have a commutative diagram 

Pl {TWO) '^"^^ - p*2 (TWg) 

K 

\^ / 

Pl^F^Pig ^^^^^ ^ PiT^PiQ . 

From this, we can see easily that the factorization of Ht^i o g* 

N^, o g* : q-Coh(F) ^ q-Coh(X' ^ X) 
becomes a monoidal functor. 

Corollary 3.12 Let it : Y ^ X be a finite etale covering of constant degree d 
and f : X' ^ X be an fpqc morphism trivializing tt. Then we have a monoidal 
functor 

Ml : q-Coh(y) ^ q-Coh(X) 

uniquely up to a natural monoidal isomorphism, such that {in the notation of 
Remark 3.8), there is a natural monoidal isomorphism 

roAA/-7y>^, (3.4) 

and thus f* o Aff ^ Af^, o g*. 



PROOF. This follows from Remark 2.2 and Remark 3.11. 



Proposition 3.13 Letn -.Y^Xbe a finite etale covering of constant degree 
d. If fi : Xi ^ X and f2 : X2 ^ X are fpqc morphisms trivializing tt, then 
there exists a natural monoidal isomorphism 



PROOF. By considering the pull-back 



X1XXX2 □ X. 
^^^^^ V ^^^h 
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we may assume /2 factors through /i: 



o 



:x 



PuUing TT back by /j for each i = 1, 2, we obtain diagrams 



9i 



■Y 



Y, 



93 



l<k<d 



■^i D 


TT 


■K2 


□ 


■ 









X; 



'X , X2 



■^1 



where = X (1 < VA; < d). 
Let 

X}^)^X xf^X^ 



pi 



□ 



X,- 



■X 



Pi 

X2- 



□ 



■X 



be pull-backs, and let f^^ : X2^^ — > X^ be the induced morphism: 



r{2) 



Pi 

X2- 



Pi 



1,2) 



/3 



Using (3.2), we can show that the natural monoidal isomorphism 



{flKiQir Xr.y;^!^ ^ Xr.52*-5^) (-^ e q-Coh(y)) 



is compatible with descent data 
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defined in Claim 3.10: 



(i = l,2) 



Thus Proposition 3.13 follows from Remark 2.2. 

Definition 3.14 Let n : Y ^ X be a finite etale covering of constant degree 

d. By Proposition 3.13, A/"/ is uniquely determined as a monoidal functor 
up to a natural monoidal isomorphism, independently of the fpqc morphism 
f trivializing n. We denote this functor simply by Af^, and call it the norm 
functor for tt. 

Proposition 3.15 Let n : Y ^ X be a finite etale covering of constant degree 
d. Let f : X' ^ X be a morphism, and take the pull-back 



Y'- 



■Y 



□ 



X'- 



■X . 



Then there exists a natural monoidal isomorphism 

el:f*N^^K.g\ 



PROOF. Let u :U — > X be an fpqc morphism trivializing tt, and take the 
pull-backs 



V^^Y U'^^U V'^^V V'^^Y' 




X, X 




□ 




f-X, Y'^^Y, U'^i^X'. 



Remark 



□ 
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is also a pull-back diagram. 

By Proposition 3.7, there is a natural monoidal isomorphism 
As in Proposition 3.13, natural monoidal isomorphism 

is compatible with descent data, and we obtain a natural monoidal isomor- 
phism 

such that u'*6l gives 0^. 



As in Proposition 3.7, 9 is natural in / : 

Corollciry 3.16 Let tt : y — > X he a finite Stale covering of constant degree. 

f f 

For any morphisms X" — > X' — > X, if we take the pull-hack 

Y" ^' > Y' — ^-^Y 



then we have 



TT 


□ 


tt' □ 


■ 







X"^r^X' f 



■X: 



0i°''-{0Cog*)-{f*o9f). 

afof' 



{fof'TK- 



-K'igog'y 



f'*f*K 



K"g'*g* 



f'*o6l 



f'*K'g* 



PROOF. Let u : U ^ X he em fpqc morphism trivializing tt, and take the 
pull-backs 




□ 



□ 



TI" *- TI' 

□ u' D 



■U 



X"^X'^ 



■X: 
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Applying Proposition 3.7, we obtain the following commutative diagram: 
ifv o S'i,.)'M„v'^^M„,.v"'(gog'Y 




From this, we obtain 

u"* o di°f' = {u"* o ei', o g*) ■ {u"* o f* o el). 
Since u" is fpqc. Corollary 3.16 follows. 

3.3 General case 



Remcirk 3.17 Let X be a scheme. For any open subscheme l : U ^ X and 
H e q-Coh(C/), we often abbreviate l^H G q-Coh(X) simply to H. 

Let X = U Xi be the decomposition into the connected open components. 

l<i<n 

For any T G q-Coh(X), we have a canonical decomposition 

l<i<n 

Regarding this decomposition, for any T,Q & q-Coh(X), we have 

Vx Ox Ox 

Definition 3.18 Let n : Y ^ X be a finite etale covering, and let X ~ 
U Xi be the decomposition into the connected open components. Put Yi :— 

l<i<n 

7T~^{Xi), and let iii : Y^ ^ X^ be the restriction of n onto Y^. 
We define the norm functor 

K ■■ q-Coh(F) ^ q-Coh(X) 

by 

for each Q e q-Coh(F). 

By the arguments so far, we obtain the following: 
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Proposition 3.19 Let tt : y — > X he a finite etale covering. 
(i) For any morphism f : X' ^ X , if we take the pull-hack 




then there exists a natural monoidal isomorphism 

(ii) For any other morphism f : X" — > X', if we take the pull-back 



Y"- 



■Y' 



□ 



X" y/ X' : 



then we have 



= {eC o g*) ■ if* o 



PROOF. This immediately follows from Proposition 3.15 and Corollary 3.16. 

Remcirk 3.20 A/^ is uniquely determined up to a natural monoidal isomor- 
phism, by Definition 3.1 and Proposition 3.19. 

Proposition 3.21 Let n : Y ^ X be a finite etale covering of constant degree 
d. For any positive integer m, we have : 



PROOF. Take an fpqc morphism f : X' ^ X trivializing tt: 



\[X' = Y' 



V=7r' 
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Then we have an isomorphism 



(5 : K.g*{Of^) ^ MAOT) 

X' X' 



X' 



This /3 satisfies the commutativity of 



Pin 



= can. 



where <p := 0Q®m is the isomorphism defined in Claim 3.10. 



Corolleiry 3.22 Let n : Y ^ X be a finite etale covering. If £ E q-Coh(y) 
is locally free of finite rank, then so is Ht^{£) G q-Coh(X). 



PROOF. By Proposition 3.19, we may assume X is affine and connected. 
Then Y is also affine, and tt is of constant degree. Remark £ is locally free of 
finite rank if and only if there is an integer m and an epimorphism 



s : OT" £■ 



Take an fpqc morphism f : X' ^ X trivializing tt 



d 



V=7r' 



□ 



X' 



■X 



By the definition of A/y, it can be easily seen that N'yg*{s) becomes epimor- 
phic. Thus /*A/'7r(s) is epimorphic. 

Since / is fully faithful, N't:{s) : — > N't:{£) also becomes epimorphic. 
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4 Norm maps 



4.1 Norm map for the Brauer group 

Definition 4.1 Let n : Y ^ X be a finite etale covering. For any T ^ 
q-Coh(F), we define a morphism 

as follows : 
Let 

e = evjr,g : HomoY{J^, G) ® T ^ G 

Oy 

be the evaluation morphism, i.e., the morphism corresponding to id-^omoy (^,0) 
under the adjoint isomorphism. 

Define as the composition 

Oy ^y 

By the adjoint isomorphism 

RomoA^n'HomoY{^,G) (S) M^T.M^G) 

Ox 

Homo^ (XrTiomoy ( J^, G),HomoxW-K^ Mt^G))-, 
we obtain 5^ corresponding to ^tt- 

Remark 4.2 To define 5^, we only used the monoidality of M^- In fact, for 
any monoidal functor F : C ^ V between closed symmetric monoidal cate- 
gories, we can define a natural transformation 

5p:F[-,-]c^[F{-),F{-)U 

where [— , — ]c and [— , —\x) are the right adjoint of ®c di^d (g>o, respectively. 

The following proposition also follows from general arguments on monoidal 
functors. We omit its proof. 

Proposition 4.3 In Definition 4-1, if ^ — G, then 

: M-^EndoY {^) — *■ £ndox {■^■k^) 

is a monoid morphism. 
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Remcirk 4.4 Let n : Y ^ X be a finite Stale covering, and take the pull-back 
by a morphism f : X' ^ X : 




Let & q-Coh(y). From 6l, we obtain an isomorphism 

le : nomo,XK'9*:F,K'9*Q) ^ Homo^^rKJ', TKG) 
such that for any £ e q-Coh(X'), the following diagram is commutative 



Homo^, (£, n(ym{K,g*T,K'9*Q))^'i^omo^, nom{f*KT, f*M^g)) 



adj./ 



\adj. 



Homo^, {E ® M^.g*T, M^,g*Q) 



Homo^,(£:®/*A/;^,rXr^?) 




-o(id0e^J 



Proposition 4.5 In the notation of Remark 4-4> assume f is fiat and T is 
locally free of finite rank. Remark there exist canonical natural isomorphisms 

ci : g*nomoY{^,G) ^ 'Homo {9*^, 9* Q), 

C2 : f*ncmio,{M.T,KG) ^ nomoArKJ'J*M.G). 



Then, the following diagram is commutative : 



f*KnamoA^. Q)- 



-f*nomo^{K:F,Kg) 



K,g*nomoY (J^, Q) o Hamo^, (f*K:F, f*KG) 



Kmamo^, {g*T, g*g) ^Homo^, {K'9*^:K'9*S) 
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PROOF. Put 

e := evjr^g : HomoY{J^, Q) ®Oy ^ ^ G, 
e := evg*yr^g,g : nomoY,{9*^, 9*Q) ®Oy, 9*J^ ^ 9*0- 

Remark that 

nomoY,i9*^, 9*0) ®Oy, 9*^ " > g*{nomoA^. Q) ®Oy T) 

o 

^9*Q 

is commutative. Put 

v:^C2 f*6^, 

and let /i and u be their images under the adjoint isomorphism 

Homo^, (/*A47iomo^ (J^, e?) , Homo^, (/*A4J^, /*A4e?) ) 

^ Homo^,(/*A47iomo,(^,6;) rM^J'^fM^g), 

respectively. It suffices to show fj, — u. 

Put 

uo := o j\/;,(ci) o el, 

and let //q be its image under 

Homo^, (rKHomoY , Tiomo^, {K'9*^: K'9*S) ) 

^ Homo^,(/*A47iomo^(^, Xn'g*J',K'9*G) 

Since = o /^q, by Remark 4.4, we have 

//oo(id«)e^)=^^o/x. (4.1) 

o 

By the definition of and the naturality of the adjoint isomorphism, we can 
show easily 

1^0 = i^' o (A/;'(ci) ® id) o {ei ® id). (4.2) 
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/'() 



On the other hand, we have a commutative diagram 



rM,nom{T, g) f*KJ^ — ^-^pM.g 



(4.3) 



f*{Knom{T,g)®M^T) . 



Moreover, since 6^ is a natural monoidal transformation, the following diagram 
is commutative: 

f*Knom{T, g) ® f*KJ^—^^^^Af^>g*nom{j^, g) ® 
f*K{nom{j^, g) g) ^K,g*{nom{j^, g) ® g) (4.4) 

rKg -r ^K'g*g 



From (4.1), (4.2), (4.3), (4.4), we obtain n = u. 



Corollary 4.6 Let n : Y ^ X be a finite etale covering, and let T ^g ^ 
q-Coh(y). Ij T is locally free of finite rank, then 



is an isomorphism. 



PROOF. Let U d X he any open subscheme. Put V := n ^{U) and let 
: y — > [/ be the restriction of tt onto V. 
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By Proposition 4.5, we have a commutative diagram 



{KHomoA^^Q)) \u ^{nomoAKTM.Q)) \u 

^ o ^ 

M^HomoyiT \v,Q \v) 1 ^Homoui^fzui^ \v),J^zu{G \v)) 



Thus by taking an affine open cover of X, we may assume X is affine and 
connected. 

Moreover, again by Proposition 4.5, replacing X by its finite etale covering 
X' ^ X, we may assume Y is trivial over X, i.e., 

Y= u Xk {Xk = x {i<yk<d)), 

l<k<d 

Since Y is affine, any JF e q-Coh(F) can be identified with T(Y,J^), which is 
a r(Y, Cy) -module. Similarly for the sheaves on X. 

Under this identification, for any J-,G& q-Coh(F), T-Comoyi^, 0) is regarded 
as Homc)y(^, ^) and 

e = ev^,0 : Homoy (•^, Q) ®Oy ^ ^ Q 

is given by 

e{^®x) = if{x) (Vy? G Homoy(J^,^),Va; G T{Y,J^)). 
Similarly, it can be easily seen that 

' ' Ox Ox ' ' Ox Ox Ox 

l\\ 

{Hom{J^ \xi,G |xi) <8) • • • <8) 'Hom{T G |xj ® {J^ \x^^ ® • • • ® ^ UJ 

Ox Ox ^ ^ 1 ' Ox Ox Ox 

i 

G\x, ® ■■■ ^ G\xa 

Ox Ox 

is given by 

^AiVi (8) • • • (8) (^d) (8) (xi (g) • • • (g) Xd)) = (pi{xi) (g) • • • (g) (pd{xd) 
for any cpk G Homo^J^ \xk,G UJ and Xk G r{Xk, T |xj (1 < V/c < d). 
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Correspondingly, 5.,^ is given by 

Romo^iT \xi,Q Ui) <8) • • • Homci^(JF |^^,^ 9 (^i (8) • • • (8) (^d 

Ox Ox 

Homo^(^ |xi O ■ ■ • (8) \xd, G \xi <8) • • • <8) ^ UJ 9 </^i ® • • • <8) </?d, 

Ox Ox Ox Ox 

which is isomorphic. 

Corollciry 4.7 /n particular, for any locally free £ e q-Coh(y) of finite rank, 

5^ : J\f^{Endoy{S)) ^ £ncio^(7V;(£)) 
is an isomorphism of Ox -algebras. 

Lemma 4.8 Let tt :Y ^ X be a finite Stale covering. For any surjective Stale 
morphism g : V ^ Y, there exists a surjective Stale morphism f : U ^ X 
such that 

pry -.U XxY 

factors through g. 



PROOF. We may assume tt is of constant degree d. Let x : X' ^ X he a. 
surjective etale covering which triviahzes tt : 



U X',= Y'- 

l<k<d 

V=7r' 

X'- 



y 



-^Y 

□ 



PuUing g back by y, we obtain 



9k 



X'S 



□ 



■Y'- 



■V 



9' U 9 



■Y 



where ik and rjk {I < k < d) are open immersions. 
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If wc put U := V{ X X' ■ ■ ■ X X' V^, we obtain a surjcctivc etale morphism / : 
U ^ X' which makes the following diagram commutative for any 1 < k < d : 




Pulling back /, we obtain: 




Thus, if we put 
then we have the following commutative diagram : 



k 



UxxY^U Xx' Y'^ 




This is what we wanted to show. 



Proposition 4.9 Let n :Y ^ X be a finite etale covering. If A E q-Coh(y) 
is an Azumaya algebra on Y , then HTr{A) becomes an Azumaya algebra on X . 



PROOF. Since AC is monoidal, Af-^iA) becomes an Ox-algebra. By Propo- 
sition 3.22, J\fTj.{A) is locally free of finite rank. Let g : V ^ Y he a. surjective 
etale morphism such that there exists a locally free sheaf £ e q-Coh(F) of 
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finite rank, with an isomorphism of Oy-algebras 

g*A = g*8ndoy{8). (4.5) 

By Lemma 4.8, replacing g if necessary, we may assume there exists a surjective 
etale morphism f : U ^ X such that g is the pull-back of / by tt: 




By (4.5) and Corollary 4.7, we obtain an isomorphism of ©[/-algebras 
which shows HTr{A) is an Azumaya algebra on X. 

Corollary 4.10 Let n : Y ^ X be a finite etale covering. Norm functor 
A^TT ■ q-Coh(F) q-Coh(X) induces a group homomorphism 

: Br(y) ^ Br{X), 

which we call the norm map. 



PROOF. This follows from Corollary 4.7 and Proposition 4.9. 
4.2 Norm map for the cohomology group 

Remark 4.11 Remark there is a natural isomorphism 

7x : V{X,<Gm,x) AutoAOx) 

for each scheme X . If tt : Y ^ X is a finite etale covering, from the norm 
functor : q-Coh(F) — >• q-Coh(X), we obtain a group homomorphism 

: Auto,(C»y) ^ Auto^(A4(Oy)) ^ Auto, (Ox) ■ 

Thus we can define a group homomorphism 

N,{X) := 7x ° ^ ° 7y : r(y, G^,y) ^ V{X, G^,x). 
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Proposition 4.12 Let tt : Y ^ X be a finite etale covering, and f : U 
be any etale morphism of finite type. Take the pull-back diagram 



X 




We define 



by 



N,{U) : ret(C/,7r*G^,y) ^ r,,{U,Gm,x) 



N^{U) := N^{U) : T{V, O^) ^ T{U, O 
Then the set of group homomorphisms 



{N^{U) \{U^X)e Xet} 



gives a homomorphism of abelian sheaves on X^t '■ 



PROOF. Let f : U' ^ X he another etale morphism of finite type, and 
u : U ^ U' he an etale morphism over X. Take the pull-backs: 




It suffices to show the commutativity of 



TetiV, Grn,Y) ^ > ^etiU, Gm,x) 



O 
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This immediately follows from the fact that ^ is a natural monoidal isomor- 
phism; 



o Auto (C»[/0 



V 



where c{0^) is the conjugation by 0^. 

Definition 4.13 Let tt : Y ^ X be a finite etale covering. By Proposition 
4-12, we obtain a homomorphism 

Hl{N^) : Hl{X,T^.Gm,Y) ^ Hl{X,G^,x). 

We define the norm map for cohomology, as the composition of this map with 
the canonical isomorphism 

C""^ : Hlt{Y,<G!m,Y) Hl^^{X,T^^Grn,Y)-, 

and abbreviately denote it by N^^ : 

N^:Hl{Y,Q^^y)^Hl{X,Q^^x) 



5 Compatibility of the norm maps 

In the following, we often assume that a scheme X satisfies the following 
assumption: 

Assumption 5.1 For any finite subset F of X, there exists an affine open 
subscheme U <Z X containing F . 

Remark that if X satisfies Assumption 5.1, then so does any finite etale cov- 
ering Y over X. 

Remcirk 5.2 Assumption 5.1 is only used in the proof of the next theorem. 
So if one can show it by another way, any of the succeeding results does not 
require Assumption 5.1. 

Theorem 5.3 For any finite etale covering tt : y — > X, we have a commuta- 
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tive diagram 



Br(y) ■ 



■Br{X) 



Xy 



Hl{Y,Qm,Y) 



Xx 



PROOF. By Assumption 5.1, it suffices to show for the Cech cohomology. 
First, we briefly recall the construction of 

XY:Br{Y)^Hl{Y,Qm,Y) 

using Cech cohomology (cf. [10]). For any Azumaya algebra A on Y , there 
exists a surjective etale morphism g -.V ^Y, a, locally free £ e q-Coh(F) of 
finite rank, and an isomorphism of Cy-algebras 

(f) : g*A g*£ndoY{£). 



Take the pull-back 



and put 



,(2) 



d2) 



V XyV =:1/(2). 

91 

V- 



<72 



□ 



V 
a 

Y 



goq^= goq2, 



{£ndo^,,^iq^'>£r ^ q^'>£ndoA^y 



<ii<, 



92 < 



q^'>£ndoAn'' ^ £ndo^,,,iq^'>£r) 



Then, since q^'^^*£ndoYi£) is an Azumaya algebra on V^'^\ there exists a surjec- 
tive etale morphism W V^^^ and an element c e r{W, £ndoY{q^'^^*^) \w)^ 
such that 0*^^^ is the inner automorphism defined by c : 



(>(2) 



Inn(c) 



By Assumption 5.1, there exists a surjective etale morphism V Y which 
factors through V 



9' 

such that the induced morphism 



:^v' XyV ^V^^^ 
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factors through W. 

So, by replacing V — ^ Y by V Y, we may assume the existence of a 
quartet 

(v,£:,0,c) 

which satisfies 

V = {V — ^ Y), surjective etale morphism of finite type, 
S G q-Coh(y), locally free of finite rank, 

(p : g*A g* £ndQ^{£) ^ (9y-algebra isomorphism, 

c e V{V^''\8ndoM^^*^Y). 0^'^ = Inn(c). 



We call (V, 8, 0, c) a compatible trivialization of Remark that for any re- 
finement of V 

g' 

we obtain an induced compatible trivialization of A on V' 

(V',£,v*0,v(2)*c). 

Let Qij : = V Xy Xy V ^ 1/(2) (1 < i < j < 3) be the projections to 
the (i, j)-th components, and put q^^^ := g^^^ o g^^. If we put 

then in Auto^^g^ (g(^^*£n(ic>y (£)), we have 

Inn(x) = Inn(5*2c) • Inn(g*3C~^-)Inn(g;3c) 

= id. 

So X is in the center of r{V^^\q^^>£ndoYi£y), i-©-, 

Thus we obtain a 2-cocycle Xy(«4) ^^e Cech complex C*(V/Y, G^,y), which 
defines xy(^)e 4' 

For any Azumaya algebra A on Y, take a compatible trivialization (V, 0, c). 

By Lemma 4.8, there exists U = {U ^ X) e CoVet(A:) such that ti*U < V. 
Here, 7r*U G CoVet(y) denotes the covering induced by pull-back by tt. 
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So, replacing (V, £,(j),c) by the induced compatible trivialization on 7r*W, we 
may assume V — tx*U. 



Take the pull-back 




(£=1,2) 
(1 < ^ < J < 3) 



Then we obtain a compatible trivialization {U^M-kE, N^cf), N^(2) (c)) of AfT^{A), 
defined as follows: 



// 



AT 



(2) 



■r(c/(2),£:ndo^(,^(p(2)W.£:)x) 
\ 



Auto^(,,(A/'^(.)?(2)*£:) 
Here 0(6*^'^^) is the conjugation by 6*^*^'. 
By Remark 4.4, there is an induced group isomorphism 

Claim 5.4 {IA,Ht^£,N^(P,N^(2){c)) is a compatible trivialization ofHA^^- 



PROOF. (Proof of Claim 5.4) It suffices to show 

(Ar^(0))(2)=Inn(Ar^(.)(c)). 



(5.1) 



Using Proposition 3.19 (ii) and Proposition 4.5, we can show easily 

{NMf'^ = le o o A4(.)(0(2)) o rj,) o (5.2) 
By Remark 4.4, we have a commutative diagram 
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(2)* 



o 



Inn 



(/(2)' 
Inn 



Thus we obtain the following commutative diagram: 

T{V^'\8ndo^,,, {q^>EY) — EsiL^Auto^^,, (^ndo^^,, = 



Aut„ ,,,, 



(2) 



V(2) 



''c/(2) 



O c(5 (2)) 



By (5.2), this means (5.1). 
We have 

and the canonical natural isomorphism 

fits into the following commutative diagram: 



So, it suffices to show 



Hl{U/X,N^){xUA)) = xWM)) 
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Similarly as N^(2) , we can construct a homomorphism 
compatible with 7V^(2) and TV^o) : r(V^^\0^^,,) ^ r{U(^\0^,s))- 



r(i-(2) ^ ^^^^^^^^ (^(2)*^) X ) _^^r{u(') ^ sndo^,,, {p^'>KS) ^ ) 

r(y (3) , qi^>Endoy {8) ^ ) r(t/(3) , p(3)*£ndo^ ^ ) 

t t 

r(y P» , o-,,, ) ► r(£/(='i , o-,.,) 



From this, we have 

= {pl^N^i.M) ■ (pt37V^(.)(c)-i) • {pl^N^i.){c)) 
= X^(A/;(^)). 



6 Brauer-Mackey functor on the Galois category 



Let Ab be the category of abehan groups. For any profinite group G, let G-Sp 
denote the category of finite discrete G-spaces and continuous equivariant 
G-maps. 

Definition 6.1 Let C he a Galois category, with fundamental functor F . In 
other words, there exists a profinite group ■n{C) such that F gives an equivalence 
from C to 7r(C)-Sp. {For the precise definition of Galois category, see [11]). 

A cohomological Mackey functor on C is a pair of functors M — (M*,M*) 
from C to Ah, where M* is contravariant and M* is covariant, satisfying the 

following conditions : 

(0) M*{X) = M,(X)(=: M(X)) (VX G Ob(C)). 

(1) (Additivity) For each coproduct X ^ X]JY Y in C, canonical mor- 
phism 

{M*{ix),M*{iY)) : M{XUY)^M{X) ® M{Y) 
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is an isomorphism. 

(2) (Mackey condition) For any pull-back diagram 



Y 



X' 



■Y 



□ 



■X , 



the following diagram is commutative : 



M(Y)^^M{Y') 



M*(7r) 



M,(7r') 



(3) (Cohomological condition) For any morphism tt : X ^ Y inC with X and 
Y connected ( i.e. not decomposable into non-trivial coproducts ), we have 

M*(7r) o M*{ti) — multiplication by degTr 

where degTr := iF{Y)/'^F{X). 

M{X) ^ ^M{X) 

degTT 

Definition 6.2 Let M and N be Mackey functors on C. A morphism f : 
M ^ N is a collection of homomorphisms in Ab 

{f{x) I X e C}, 

which is natural with respect to each of the covariant and the contravariant 
part of M and N . With the objectwise composition, we define the category of 
cohomological Mackey functors Mackc(C). 

A standard example is the cohomological Mackey functor on a profinite group 
(see [1]): 

Definition 6.3 Let G be a profinite group, and let C = G-Sp, F = id^. A 
cohomological Mackey functor on C is simply called a cohomological Mackey 
functor on G, and their category is denoted by MackdG). 

Remark 6.4 Any object X in G-Sp is a direct sum of transitive G-sets of the 
form G/H , where H is a open subgroup of G. So a Mackey functor on G is 

equal to the following datum : 

- an abelian group M{H) for each open H < G, with structure maps: 

- a homomorphism rcs^ : M{H) — > M{K) for each open K < H < G , 
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- a homomorphism cor^ : M{K) M{H) for each open K < H < G, 

- a homomorphism Cg^n '■ M{H) M{^H) for each open H < G and g & G, 
where^H := gHg~^, satisfying certain compatibilities {cf. [1]). Here, M{G/H) 
is abbreviated to M{H) for any open subgroup H <G. 

Definition 6.5 Let G be a finite group, and let G°p be its opposite group. 
For any Mackey functor M = (M, res, cor, c) G Mackc(G') {in the notation of 
Remark 6.4), we define its opposite Mackey functor M""^ by 



M°P(//°P) 

HOP 

r6S^op 



cor 



HOP 
Rop 



Cg,H0P 



M{H) 
resf 



= cor 



Co-\H 



{H<G) 

(K <H <G) 

{K<H <G) 

{geG,H<G). 



This gives an isomorphism of categories 



op : Mackc(G') ^ Mackc(G'°P). 



For any finite etale covering tt : Y ^ X, put Br*(7r) tt* and Br*(7r) : = 
A^TT- Then we obtain a cohomological Mackey functor Br (and similarly Br', 
H^^{—, Gm)) as follows. Remark that for any connected scheme S, the category 
(FEt/5') of finite etale coverings over S becomes a Galois category [11]. 

Theorem 6.6 For any connected scheme S satisfying Assumption 5.1, we 
have a sequence of cohomological Mackey functors on (FEt/jS) 



PROOF. We only show Mackey and cohomological conditions. Since tt* and 
A^TT a-re compatible with inclusions 

By{X) ^ Br'iX) ^ H^,{X,Grn,x), 

it suffices to show for H^t{—, Gm)- 

Mackey condition 



Let 



Y- 



-Y' 



□ 



X- 



-X' 



(6.1) 



be a pull-back diagram in (FEt/S). 
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For any etale morphism of finite type f : U ^ X, take the pull-back of (6.1) 
by/: 



V- 



■v 



□ 



■U' 



Then we have a commutative diagram 



Auto^(Oy) 

^-X Auto^, {w}jM^^ Oy 

Auto^(A/;^Oy) 
where 0(6*^) is the conjugation by 6*^. 
Thus we have a commutative diagram 



AT, 



"Auto .(Cf/O 



This yields a commutative diagram 



Cohomological condition 

For any finite etale covering vo -.V ^ U oi constant degree the composition 



kvXOuWvoOv) ^ AutouiOu) 



is equal to the multiphcation by d. This follows from the trivial case V : 

d 

U via fpqc descent. 
From this, we can see 
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is equal to the multiplication hy d — deg(7r) 



G. 



m,X 



m.X 



Thus we obtain ott* — d. 



Hl{Y,Gmx) 

s|c ^^^^^ 

o 



7 Restriction to a finite Galois covering 



Thus wc have obtained a coho mo logical Mackey functor Br on FEt/S*. Pulling 
back by a quasi-inverse S of the fundamental functor 

F : FEt/5 ^ 7r(,S)-Sp, 

we obtain a Mackey functor on 7r(S') : 

Corollciry 7.1 There is a sequence of cohomological Mackey functors 

omr{S), whereBroS :— (Br* oS,Bt^oS) {and similarly for By' , H^^{—,Gm))- 

Corollary 7.2 Let X be a connected scheme satisfying Assumption 5.1. For 
any finite Galois covering n : Y ^ X with Gal(y/X) = G, there exists a 
cohomological Mackey functor Bi on G which satisfies 

Bt{H) ^ Bt{Y/H) (V// < G), 

with structure maps zu* and for each intermediate covering w . ( We ab- 
breviate Bt{G/H) to Bt{H), as in Remark 6.4-) 



PROOF. By the projection pr : 7r(X) — 6*°^, we can regard any finite 
G°P-set naturally as a finite 7r(X)-space, to obtain a functor 

G^P-Sp ^ 7r(X)-Sp. 
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Pulling back by this functor, and taking the opposite Mackey functor, 
we obtain 

Mack,(7r(X))^Macke(G°P)^Mackc(G) 
Ml ^Mq. 

In terms of subgroups of G, Mq satisfies 

MaiH) = M(pr-^(//°P)) (V// < G). 

Applying this to Br o <S, we obtain Br := {Br o S)g £ Mackc(G'). Since the 
equivalence S : (7r(X)-Sp) (FEt/X) satisfies 

S{7r{X)/pT-\H°P)) ^Y/H, 

we have 

Bt{H) ^ Bt{Y/H). 

Corollary 7.3 Let n : Y ^ X be a finite Galois covering of a connected 
scheme X satisfying Assumption 5.1, with Galois group G. By a similar way, 
we can define Br' {and also {H^^{—, G^) o S)g)- 

Since Mackc(G') is an abelian category with objectwise {co-)kernels {see for 
example [3]), we can take the quotient Mackey functor Br' / Br e Mackc(G), 
which satisfies 

{Br' /Br){H) ^ {Br'{Y/H))/{Br{Y/H)). 



8 Appendix 

8.1 Application of Bley and Boltje's theorem 

Let £ be a prime number. For any abelian group A, let 

A{e) := {m e A I 3e e N>o,rm = 0} 
be the primary part. This is a Z^-module. 
Definition 8.1 ([1]) For any finite group H, 

H is i-hypoelementary H has a normal i-subgroup with a cyclic quotient. 

def 

H is hypoelementary ^ H is i-hypoelementary for some prime i. 

def 
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Fact 8.2 ([1]) Let M be a cohomological Mackey functor on a finite group 
G. 

(i) Let £ be a prime number. If H < G is not i-hypoelementary, then there is 
a natural isomorphism of Z^-modules 

M(C/)(£)I^I^ M(C/)(£)I^L 

U=Ho<-<H„=H U=Ho<-<H„=H 

niodd nieven 

(ii) If H < G is not hypoelementary and M{U) is torsion for any subgroup 
U < H , then there is a natural isomorphism of abelian groups 

M(C/)I^I ^ M(C/)I^I. 

U=Ho<-<Hn=H U=Ho<-<Hn=H 

niodd nieven 

Here, \U\ denotes the order of U . 

Applying this theorem to Br, we obtain the following relations for the Brauer 
groups of intermediate coverings: 

Corollary 8.3 Let X be a connected scheme satisfying Assumption 5.1 and 
TT : y — > X be a finite Galois covering with Gal{Y/X) — G. 

(i) Let i be a prime num,ber. If H < G is not i-hypoelementary, then there is 
a natural isomorphism of Zg-modules 

Br(r/[/)(£)l^l ^ Br(r/?7)(£)l^l. 

U=Ho<-<Hn=H U=Ho<-<Hn=H 

n:odd n:even 

(ii) If H < G is not hypoelementary, then there is a natural isomorphism of 
abelian groups 

Br(F/t/)l^l ^ Br(F/t/)'^l. 

U=Ho<-<H„=H U=Ho<-<Hn=H 

n:odd nieven 



Finally, we derive some numerical equations related to Brauer groups from 
Corollary 8.3. 

Definition 8.4 Let G be a finite group. For any subgroups U < H < G, put 
li{U,H):= (-1)"' Mdbius function. 

U=Ho<-<Hn=H 



If m (resp. m^) is an additive invariant of abelian groups (resp. Z^-modules) 
which is finite on Brauer groups, we obtain the following equations: 
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Corollary 8.5 Letn :¥ ^ X as before, G = Gal(y/X). 

(i) If H < G is not £-hypoelementary, 

Y: \U\-i,{U,H)-me{BT{Y/U){i))^0. 

U<H 

(ii) If H < G is not hypoelementary, 

Y: |C/| •//([/, //)-m(Br(y/C/)) = 0. 

U<H 

8.2 Example 1 

For a prime £ and an abelian group ^4, its corank is defined as rankz^(Tf(A)), 
where Ti{A) = lim Ker{£"' : A). Here we denote this by rk£{A): 

n 

Tke{A) :=rankz,(T^(A)) 

Br(X)(£) is known to be of finite corank, for example in the following cases 
([8]): 

- (CI) k: a separably closed or finite field, X: of finite type /k, and proper or 

smooth /k, or char(A;) = or dimX < 2. 

- (C2) X: of finite type /Spec{Z), and smooth /Spec{'Z) or proper over 3open 
C Spec{'Z). 

Remark that if Y/X is a, finite etale covering and if X satisfies (CI) or (C2), 
then so does Y. 

Example 8.6 Assume X satisfies (CI) or (C2). If a subgroup H < G is not 
£-hypoelementary, we have an equation 

5] \U\ii{U,H) -rk^iBriY/ H){i)) = 0. 

U<H 

8.3 Example 2 

By Gabber's lemma (Lemma 4 in [6]), for any finite etale covering n :Y ^ X, 
we have 

Br'{X)/BY{X) ^ Br (Y) /Br (Y). 
In particular, if Br(F) C Br(F)' is of finite index, then so is Br(X) C Br{Xy. 
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Example 8.7 Assume Y satisfies [Br'{Y) : Br(y)] < oo. Then for any non- 
hypoelementary subgroup H < G, we have an equation 

Y: \UHU,H) ■ [Br'{Y/U) : Br{Y/U)] = 0. 

U<H 



9 Appendix 2 



We showed Theorem 5.3 by using Cech cohomology. This way of proof required 
Assumption 5.1. 

In this section, to get rid of Assumption 5.1, we consider a more general proof. 

Remcirk 9.1 By definition, : Hi{Y,Gjn,Y) Hi{X,Grn,x) is the com- 
position 

Het ^m,y ) {X, TT^G^.y ) "'-^ {X, Gm,x), 

where 

is the norm homomorphism in S{X^i). 

Thus the diagram in Theorem 5.3 is nothing other than the following : 

Br(y) ^ ^Br(X) 

Remark also that we may assume X is connected. 
Remark 9.2 For any finite etale covering i: : Y —>■ X , 

TT, : S(yet) ^ S(Xet) 

is exact. Here, S(Xet) denotes the category of abelian sheaves on X^t. Thus 
we have natural homomorphisms 

TT, : i/e't <^m,Y) ^ ^^e't 7r,G^,y ) (Vg > 0) . 

It can be easily seen that this gives the inverse of 
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Proposition 9.3 Let tt : Y X be a finite etale covering of a connected 
scheme X . For any Gm^Y-g^rbe F on Y^t, if we define a fibered category 7r*F 
over Xet by 

in,F){U) = F{U XX Y) (WU G Xet), 

in a natural way, then n^F becomes a n^Gm,Y-9erbe on X^t- This defines a 
group homomorphism 

TT* : Hg{Y,G^^Y) —>■ Hg{X,Tr^Grn,Y)^ 
where Hg denotes the non-abelian cohomology of Giraud. 



PROOF. Since F is a stack fibered in groupoid, it can be easily seen that so 
is n^F. Thus, to show tt^F is a gerbe, it suffices to show the following: 

(a) n^F is locally connected 

(b) TT^F is locally non-empty 

(a) For any U G Xct and any ai,a2 G Ti^F{U) = F{V) {V := U Xx Y), there 
exists a surjective etale morphism V V of finite type such that v*ai = v*a2 
in F{V'). 

By Remark 4.8, there exists a surjective etale morphism t/' A [/ of finite type 
such that U' Xx Y = U' Xu V "^-^ V factors through v. 




Thus we have w*v*ai = w*v*a2 in F{U' Xu V), namely, u*ai = u*a2 in 
Ti,F{U'). 

(b) For any U G Xct, \et V' V = U Xx ^ be a surjective etale morphism of 
finite type, such that F{V') ^ 0. Take U' ^ U satisfying (9.1) as above. 

If we put Wi :— w{U' Xu V) and W2 V \ Wi, then each Wi is an open 
subscheme of y (i = 1, 2), satisfying 

y = ]J W2. 

Thus we have F{V') ~ F{Wi) x F{W2). In particular, F{Wi) ^ 0. Since 
w : U' XuV ^ Wiis surjective etale, 7r*F(C/') = F{U' XuV) ^ follows from 

F{Wl) 0. 

Thus 7r*F is a gerbe, which is obviously bound by 7r*G^^y. 
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Remark 9.4 ([10]) Let X be a scheme. For any Azumaya algebra A on X , 
let Fj^ denote a fibered category over X^t, whose fiber F^{U) over U e X^t is 
defined as follows : 

- An object is a pair {£, a), where £ e q-Coh(C/) is locally free of finite rank, 
a : Endojj{£) A\u is an isomorphism of Ou -algebras. 

- A morphism {£,a) — >• {£', a') is an isomorphism S ^ S' compatible with a 
and OL . 

Then Fj^ becomes a gerbe, bound by Grn,x- {Indeed, multiplication by elements 
ofr{U,0^) gives an isomorphism ^{U,0^) ^ AutF^(£^, a).) 

This defines the natural monomorphism 

Xx:Bt{X)^H'^{X,G^,x). 

Lemma 9.5 Let n : Y ^ X be a finite etale covering, and let A be an 
Azumaya algebra on Y. 

(i) For any U e Xet, let 




be a pull-back diagram. We define a functor 

: Fj,{y) ^ Fm^j,{U) 
byAf^{S,a) — {Af^{£),(3), where (5 is the composition 

Endo,{M^{S)) ^ H^{£ndo,{E)) "^^^ N^{g*A) ^ f*KA 



Then for any morphism u : U' ^ U in X^t if we take the pull-back 




□ 

then we have a natural isomorphism 
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(ii) jVro makes the following diagram commutative : 



o 



r([/, o^) 



■Autjv^^([/)(A47(f,Q;)) 



PROOF, (i) This is induced from the natural monoidal isomorphism 
ei : u*M^ ^ Af^'V* : q-Coh(V^) ^ q-Coh([/'). 



(ii) This follows from the commutativity of 



o 



and 



Auto^(£:)^Auto^(A/'^(£:)) Auto^(£:)- 



Remcirk 9.6 ([7] Proposition 3.1.5) Let X he a scheme. For any morphism 
u : T ^ Q in S(Xet), we have a group homomorphism 

Hl{u):Hl{X,T)^Hl{X,g). 

If F is an J^-gerbe and G is a Q-gerhe, then Hg{u){F) = G in Hg{X,Q) if 
and only if there exists a morphism of gerbes F ^ G bound by u. 

By the above arguments, Theorem 5.3 is reduced to the following Proposition: 

Proposition 9.7 Let n : Y ^ X be a finite etale covering of a connected 
scheme X. The following diagram is commutative: 



Br(y) 



-Br(X) 



PROOF. By (i) in Lemma 9.5, if we attach a functor 
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By (ii) in Lemma 9.5, this is bound by N^^ : tt^G^^y 



G, 



'm,X- 



Thus we have 
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